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1. INTRODUCTION
Mason (see [8–10]) started one recent trend of thoughts by discovering
an entirely new relation among polynomials as follows. Let f(z) be a
polynomial with coefficients in an algebraically closed field o of character-
istic 0 and let r(f) be the number of distinct zeros of f.
Theorem 1.1 (Mason’s theorem, cf. [7]). Let a(z), b(z), c(z) be rela-
tively prime polynomials in an algebraically closed field o of characteristic 0
and not all constants such that a+b=c. Then
max{deg(a), deg(b), deg(c)} [ r(abc)−1.
Influenced by Theorem 1.1 which is known in the literature as Mason’s
theorem (cf. [7]), and considerations of Szpiro and Frey, Masser and
Oesterlé formulated the abc-conjecture for integers as follows. Let a be a
nonzero integer. Define the radical of a to be
r(a)=D
p | a
p,
i.e., the product of the distinct prime factors of a. There is a classical
analogy between polynomials and integers. Under that analogy, r(f) of a
polynomial f corresponds to log r(a) of an integer a. Thus for integers,
Mason’s theorem can be formulated as follows:
Conjecture 1.1. Given e > 0, there exists a number C(e) having the
following property: for any nonzero relatively prime integers a, b, and c
such that a+b=c,
max{|a|, |b|, |c|} [ C(e) r(abc)1+e.
This conjecture also is a consequence of Vojta’s conjecture (see Vojta
[16]). Over the field of non-Archimedean meromorphic functions, we
proved the following theorem in [5]:
Theorem 1.2. Let o be an algebraically closed field of characteristic
zero, complete for a nontrivial non-Archimedean absolute value. Let
a(z), b(z), c(z) be entire functions in o without common zeros and not all
constants such that a+b=c. Then
max{T(r, a), T(r, b), T(r, c)} [ N¯ 1 r, 1
abc
2− log r+O(1).
For the symbols, please refer to Section 2. If f is a polynomial, it is easy
to show
deg(f)=lim
rQ.
T(r, f)
log r
, r(f)=lim
rQ.
N¯ 1 r, 1
f
2
log r
.
Thus Mason’s theorem can be deduced from Theorem 1.2 over the field in
Theorem 1.2, and so Theorem 1.2 can serve as the analogue of abc-
conjecture over the field of non-Archimedean meromorphic functions. The
Archimedean version of Theorem 1.2 for holomorphic functions on C was
discussed in [15]. In this paper, we will generalize Theorem 1.2 into the
following form:
Theorem 1.3. Let o be an algebraically closed field of characteristic
zero, complete for a nontrivial non-Archimedean absolute value. Let fj
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(j=0, ..., k) be entire functions on o such that fj, f0 do not have common
zeros for j=1, ..., k, fj(j=1, ..., k) be linearly independent over o, and
f1+·· ·+fk=f0. (1)
Then
max
0 [ j [ k
{T(r, fj)} [ C
k
i=0
Nk−1 1 r, 1fi 2−k(k−1)2 log r+O(1).
For a polynomial f, a positive integer k, define
rk(f) :=lim
rQ.
nk 1 r, 1f2=limrQ.
Nk 1 r, 1f2
log r
.
If the polynomial f is factorized into
f(z)=c(z−z1) i1 · · · (z−zn) in,
where z1, ..., zn are the distinct roots of f, c ¥ o−{0}, then
rk(f)=C
n
n=1
min{in, k}.
It is obvious that r(f)=r1(f). As a direct consequence of Theorem 1.3,
we obtain
Corollary 1.1. Let fj(j=0, ..., k) be polynomials on o such that fj, f0
do not have common zeros for j=1, ..., k, fj(j=1, ..., k) be linearly inde-
pendent over o, and
f1+·· ·+fk=f0. (2)
Then
max
0 [ j [ k
{deg(fj)} [ C
k
i=0
rk−1(fi)−
k(k−1)
2
.
When k=2, Corollary 1.1 reduces to Mason’s theorem. For integers, we
can suggest the following conjecture. Let a be a nonzero integer. Then
|a|=p i11 · · · p
in
n
holds for distinct primes p1, ..., pn. Define
rk(a)=D
n
n=1
pmin{in, k}n .
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Conjecture 1.2. Let aj(j=0, ..., k) be nonzero integers such that aj, a0
are coprime for j=1, ..., k,
a1+·· ·+ak=a0, (3)
and no proper subsum of (3) is equal to 0. Then for e > 0, there exists a
number C(k, e) such that
max
0 [ j [ k
{|aj |} [ C(k, e) 1Dk
i=0
rk−1(ai)21+e.
If k=2, this corresponds to the well known abc-conjecture.
2. BASIC FACTS
Let o be an algebraically closed field of characteristic zero, complete for
a nontrivial non-Archimedean absolute value | · |. Define
o[0; r]={z ¥ o | |z| [ r}.
Let A(o) be the set of entire functions on o. Then each f ¥A(o) can be
given by a power series
f(z)=C
.
n=0
anzn (an ¥ o), (4)
such that for any z ¥ o, one has |anzn|Q 0 as nQ.. Define the maximum
term
m(r, f)=max
n \ 0
|an |rn
with the associated central index:
n 1 r, 1
f
2=max
n \ 0
{n | |an | rn=m(r, f)}.
Then n(r, 1f) is just the counting function of zeros of f, which denotes the
number of zeros (counting multiplicity) of f with absolute value [ r. Fix a
real r0 with r0 > 0. Define the valence function of f for a by
N 1 r, 1
f−a
2=F r
r0
n 1 t, 1
f−a
2
t
dt (r > r0). (5)
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Then the following Jensen formula
N 1 r, 1
f
2=log m(r, f)− log m(r0, f) (6)
holds. We also denote the number of distinct zeros of f−a on o[0; r] by
n¯(r, 1f−a) and define
N¯ 1 r, 1
f−a
2=F r
r0
n¯ 1 t, 1
f−a
2
t
dt (r > r0).
Let nk(r,
1
f−a) denote the number of zeros of f−a on o[0; r], where a zero
of f−a with multiplicity m will be counted as min {m, k} in nk(r,
1
f−a).
Write
Nk 1 r, 1f−a2=F rr0
nk 1 t, 1f−a2
t
dt (r > r0).
The field of fractions of A(o) is denoted by M(o). An element f in the
setM(o) will be called a meromorphic function on o. Take f ¥M(o). Since
greatest common divisors of any two elements inA(o) exist, then there are
g, h ¥A(o) with f=gh such that g and h do not have common factors in
the ring A(o). We can uniquely extend m to meromorphic function f=gh
by defining
m(r, f)=
m(r, g)
m(r, h)
(0 [ r <.).
Define the compensation function by
m(r, f)=max{0, log m(r, f)}.
As usual, we define the characteristic function
T(r, f)=m(r, f)+N(r, f)(r0 < r <.),
where
N(r, f)=N 1 r, 1
h
2 .
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Lemma 2.1 (cf. [3]). Let f ¥A(o) have k zeros in o[0; r] with k \ 1
(taking multiplicities into account) and let b ¥ f(o[0; r]). Then f−b also
admits k zeros in o[0; r] (counting multiplicity).
Corollary 2.1. Assume that f is a nonconstant entire function. Then
for any b ¥ o, we have
N 1 r, 1
f−b
2=O(1)+N 1 r, 1
f
2 .
Proof. Note that f and f−b all have at least one zero since f−b also
is a nonconstant entire function. Thus there is a rŒ ¥ R+ such that f has at
least one zero in o[0; rŒ] and such that b ¥ f(o[0; rŒ]). By Lemma 2.1, one
obtains
n 1 r, 1
f−b
2=n 1 r, 1
f
2 (r \ rŒ).
Therefore when r \ rŒ, we have
N 1 r, 1
f−b
2=N 1 rŒ, 1
f−b
2+F r
rŒ
n 1 t, 1
f−b
2
t
dt
=N 1 rŒ, 1
f−b
2+F r
rŒ
n 1 t, 1
f
2
t
dt
=N 1 rŒ, 1
f−b
2−N 1 rŒ, 1
f
2+N 1 r, 1
f
2 ,
and the corollary follows. L
Let f be a nonconstant entire function in o. Then
N 1 r, 1
f
2=log m(r, f)− log m(r0, f)Q+.
as rQ., and hence m(r, f) > 1 when r is sufficiently large. Therefore
N 1 r, 1
f
2=T(r, f)+O(1),
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and hence Corollary 2.1 implies
N 1 r, 1
f−a
2=T(r, f)+O(1) (7)
for all a ¥ o.
Take f ¥M(o) again and write f=f1/f0, where f0, f1 ¥A(o) have no
common factors. Then
f˜=(f0, f1): oQ o2
is called a reduced representation of f. Write
m(r, f˜)=max
k
m(r, fk).
Noting that
log m(r, f˜)=max{log m(r, f0), log m(r, f1)}
=max 30, log m(r, f1)
m(r, f0)
4+log m(r, f0)
=max {0, log m(r, f)}+log m(r, f0)
=m(r, f)+log m(r, f0),
and by the Jensen formula
N(r, f)=N 1 r, 1
f0
2=log m(r, f0)− log m(r0, f0),
we obtain
T(r, f)=log m(r, f˜)− log m(r0, f0), (8)
or equivalently
T(r, f)=log m(r, f˜)− log m(r0, f˜)+m(r0, f). (9)
By (8) and the Jensen formula, the following formula
T(r, f)=max 3N(r, f), N 1 r, 1
f
24+O(1)
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holds for a nonconstant meromorphic function f in o. Thus it is easy to
prove that the following formula
T(r, f)=max 3N 1 r, 1
f−a
2 , N 1 r, 1
f−b
24+O(1) (10)
holds for any two distinct elements a, b ¥ o 2 {.}.
3. PROOF OF THE MAIN THEOREM
In the proof, the Nevanlinna theory of p-adic functions is used. For
more of its details, we refer the readers to [6]. First of all, we prove the
following more general result which is a non-Archimedean analogue of a
result of Nevanlinna [11]:
Lemma 3.1. Let fj(j=1, ..., k) be linearly independent meromorphic
functions on o such that
f1+·· ·+fk=1. (11)
Then
T(r, fj) < C
k
i=1
N 1 r, 1
fi
2− C
i ] j
N(r, fi)+N(r,W)
−N 1 r, 1
W
2−k(k−1)
2
log r+O(1), 1 [ j [ k, (12)
where W is the Wronskian of f1, ..., fk.
Proof. Since f1, ..., fk are linearly independent, then the Wronskian
W – 0. By (11) and
f (i)1 +·· ·+f
(i)
k =0 i=1, ..., k−1,
we have fj=gj/g, j=1, ..., k, where
g=
W
f1 · · ·fk
=det 1f (i)j
fj
2 ,
and gj is the minor of the jth term on the first row of g. Write fj=
fj, 1/fj, 0, where fj, 0, fj, 1 ¥A(o) have no common factors. Then
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T(r, fj)=max{log m(r, fj, 0), log m(r, fj, 1)}+O(1)
=max 3 log m(r, fj, 0), log m 1 r, fj, 0 gjg 24+O(1)
=log m(r, fj, 0)+max 30, log m(r, gj)
m(r, g)
4+O(1)
=N(r, fj)− log m(r, g)+max{log m(r, gj), log m(r, g)}+O(1),
(13)
where we use Jensen’s formula which also gives
− log m(r, g)=− log m(r,W)+C
k
i=1
log m(r, fi)
=N(r,W)−N 1 r, 1
W
2
+C
k
i=1
3N 1 r, 1
fi
2−N(r, fi)4+O(1). (14)
The value of g is clearly
C±fj1
fj1
·
f −j2
fj2
· · ·
f (k−1)jk
fjk
summed for the k! permutations (j1, j2, ..., jk) of (1, 2, ..., k), the positive
sign being taken for a positive permutation, the negative sign for a negative
permutation. The relations
m(r, g) [max m 1 r, f −j2
fj2
· · ·
f (k−1)jk
fjk
2=max m 1 r, f −j2
fj2
2 · · ·m 1 r, f (k−1)jk
fjk
2
follow trivially from the non-Archimedean property. By using the lemma of
logarithmic derivative (see [4]) which states
m 1 r, f (i)
f
2 [ 1
r i
for a nonconstant meromorphic function f in o, we obtain
m(r, g) [
1
r
·
1
r2
· · ·
1
rk−1
=r−
k(k−1)
2 .
Similarly, we can prove
m(r, gj) [ r−
k(k−1)
2 , j=1, ..., k.
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Therefore we have
max{log m(r, gj), log m(r, g)} [ −
k(k−1)
2
log r. (15)
Hence (12) follows from (13), (14), and (15). L
Proof of Theorem 1.3. Applying Lemma 3.1 to f1/f0, ..., fk/f0, we
obtain
T 1 r, fj
f0
2 < Ck
i=1
N 1 r, 1
fi
2−(k−1) N 1 r, 1
f0
2+N(r,W)
−N 1 r, 1
W
2−k(k−1)
2
log r+O(1), 1 [ j [ k, (16)
where W=W(f1/f0, ..., fk/f0) is the Wronskian of f1/f0, ..., fk/f0.
Note that
W=W1f1
f0
, ...,
fk
f0
2=W(f1, ..., fk)
fk0
=
W(f0, f2, ..., fk)
fk0
,
where the last equality uses the identity (1). Let maf be the a-valued mul-
tiplicity of an element f ¥M(o), that is, for z ¥ o, maf(z)=0 if f(z) ] a,
and maf(z) is the multiplicity of the root z of the equation f(z)−a=0 (if
a=., maf(z) is the order of the pole z). Then we have the estimate
m.W [ (k−1) m0f0+min{m
0
f0 , k−1},
which implies
N(r,W) [ (k−1) N 1 r, 1
f0
2+Nk−1 1 r, 1f0 2 . (17)
Note that if z is a zero of multiplicity q of fi for some i ¥ {1, ..., k}, that is,
m0fi (z)=q, then
m0W(z) \ q−min{q, k−1}
since W(f1, ..., fk) contains the column fi, f
−
i, ..., f
(k−1)
i . Thus we obtain
the following inequality
C
k
i=1
m0fi −m
0
W [ C
k
i=1
min{m0fi , k−1},
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which yields immediately
C
k
i=1
N 1 r, 1
fi
2−N 1 r, 1
W
2 [ Ck
i=1
Nk−1 1 r, 1fi 2 . (18)
Noting that, by (10) and (7),
T 1 r, fj
f0
2=max 3N 1 r, 1
f0
2 , N 1 r, 1
fj
24+O(1)
=max {T(r, f0), T(r, fj)}+O(1),
then Theorem 1.3 follows from (16), (17), and (18).
4. NOTES ON THE abc-CONJECTURE
M. Hall Jr. (1971) conjectured that there exists a constant c such that
|x3−y2| > c |x|1/2
holds for integers x, y with x3 ] y2. The abc-conjecture implies a weaker
version of Hall’s conjecture (cf. [12]); namely,
|x3−y2| > c(e) |x|
1
2− e.
The analogue of Hall’s conjecture for polynomials is proved by Davenport
[2]; namely, if f, g are polynomials with complex coefficients, then either
f3=g2 or
deg(f3−g2) \ 12 deg(f)+1.
In 1981, Stothers [14] gave a short and elegant proof of this by techniques
from the theory of Riemann surfaces. The theorem of Davenport can be
deduced simply from Mason’s theorem.
For a polynomial f, a positive integer k, we obtain easily
rk(f) [ kr(f).
Hence Corollary 1.1 yields directly the following fact:
Corollary 4.1. Let fj(j=0, ..., k) be polynomials on o such that fj, f0
do not have common zeros for j=1, ..., k, fj(j=1, ..., k) be linearly inde-
pendent over o, and
f1+·· ·+fk=f0. (19)
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Then
max
0 [ j [ k
{deg(fj)} [ (k−1) 1 Ck
i=0
r(fi)−
k
2
2 .
Further, if we assume that the fj are pairwise relatively prime, then
C
k
i=0
r(fi)=r(f0f1 · · ·fk),
and so Corollary 4.1 implies
max
0 [ j [ k
{deg(fj)} [ (k−1) 1 r(f0f1 · · ·fk)−k22 .
The factor k−1 in the above inequality is better than the factor k(k−1)2 in
[17] and [18]. The upper bound in the above inequality also is better than
that of Shapiro and Sparer [13] in which 1 occurs in place of the term k2 .
If aj (j=0, ..., k) are nonzero integers such that ai, aj are coprime for
i ] j, then
D
k
i=0
rk−1(ai)=rk−1(a0a1 · · · ak) [ r(a0a1 · · · ak)k−1.
Hence Conjecture 1.2 immediately implies
Conjecture 4.1 [12]. Let aj(j=0, ..., k) be nonzero integers such that
ai, aj are coprime for i ] j,
a1+·· ·+ak=a0, (20)
and no proper subsum of (20) is equal to 0. Then for e > 0, there exists a
number C(k, e) such that
max
0 [ j [ k
{|aj |} [ C(k, e) r(a0a1 · · · ak)k−1+e.
Obviously, the bound k−1 in the above conjecture is better than the
bound 2k−3 in the conjecture due to Browkin and Brzezin´ski [1] under
the additional assumption that aj’s are pairwise relatively prime.
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